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A NECESSARY CONDITION THAT ALL THE ROOTS OF AN 
ALGEBRAIC EQUATION BE REAL 

By Oliver D. Kellogg 

In the Annals of Mathematics for July 1903, Professor Van Vleck 
has given a sufficient condition that an algebraic equation with real coefficients 



(1) 
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+ c„x» = 



have the maximum number of imaginary roots, that is, n or n — 1 according as 
n is even or odd. While the condition is not so stated, it appears from the 
proof that it is sufficient if the coefficients of even index, Cj^, and the deter- 
minants 






Cji+l 



are all positive. It is interesting to remark that if any one of the determinants, 



Cj-l, 
Cj , 



""J+l 



among which the above are found, is positive, or if any vanishes for k <j < n, 
where Cj, is the first coefficient of (I) different from zero, then the equation is 
sure to have some imaginary roots. This fact is merely another aspect of the 
following theorem : 

If all the roots of the equation ( 1 ) are real, all the determinants 



n, 



''j+i 



(Je <j < n) 



C;-i. 

<!/ » cj 
are negative. 

This is a result of a well known corollary to Des Cartes' Rule of Signs, 
to the effect that if all the roots of an algebi-aic equation are real, and if any 
intermediate coefficient is zero, the adjacent coefficients must be different from 
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zero and have opposite signs. From this it follows at once that if any Cj van- 
ishes, the corresponding Z>; = C;_i c^^i < 0. Moreover, it is evident that 
Dj. = — 4 < 0, this inequality holding even for A; = if we define c_i as zero. 
If Cj is different from zero, introduce into the equation (1) a new real 
root a, obtaining 



(2) 



(cott + c_i) + (cja + Co) X 4- (cjO + Cj) as* + • • • + c„a5» = 0. 



Then choosing a so that the coefficient cja + c,_i = and applying the corollary 
cited to the equation (2) we find 



that is. 



Z>,_i Dj > 0, 



so that Dj and Dj—i are different from zero and have the same signs. Hence 
all the determinants in the series have the same sign, and since D^ is negative, 
it follows that Dj is negative for all values of y as was to be proved. 

If instead of forming equation (2) we form from (1) an equation with two 
new real roots, and express the condition that two successive ooefScients of 
the new equation cannot vanish, we shall be led to the theorem : 

If all the roots of the equation (1) are real, none of the quadratics 
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= 



(k^j < n, c_j = 0, c„+i = 0) 



has real roots. 
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